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1 Closure of Quadratic Forms

1.1 Quadratic forms bounded below

Last time, we introduced the notion of quadratic forms: Let ¢ : D — R be a symmetric
quadratic form. We say that ¢ is bounded below if there is a ¢ such that g(u) > —cl|ul|?
for u € D.

Example 1.1. Let H = L*(T), T = R/277Z, and V € L*(T;R). Let
ow) = [(WP+VIuP)dz, D= Dla) = H'(T) € L¥().

Formally, q(u) = (Pu,u);» with P = —82 + V().
We claim that ¢ is bounded below: For every ¢ > 0, there is some V* € L*°(T) such
that ||V — V¥ ;1 <e. Then, keeping in mind that lullF, = /1132 + [Jul32,

atw) = [ WP+ [ ViR + [ = VP
—_—— Y—

>Celull?,  2-0()ul?,

> (1= 0()ullfp — Cellullz:
for all € > 0. We get that there exist ¢ > 0,C > 0 such that
q(u) > cllulfp — Cllul?z;  Yu € D(q).

Remark 1.1. We can always add a constant multiple of ||u|| to ¢, so from now on, we will
assume that ¢ is nonnegative. This allows us to use the Cauchy-Schwarz inequality:

lg(u,v)| < q(u)l/Zq(v)l/2 Yu,v € D(q).



1.2 Closed quadratic forms

Definition 1.1. Let u,, € D(q) and u € H. We say that u, is g-convergent to u (written
n,Mm—00

Uy u) if up, — win H and q(u, — ty,) 0. We say that ¢ is closed if whenever

Un % u, u € D(q) and q(u, —u) — 0.

Remark 1.2. Let H, = D(q), equipped with the scalar product (u, v)
Then q is closed if and only if H, is a Hilbert space.

¢ = q(u,v) + (u,v).

Let’s return to our example.

Example 1.2. Let g(u) = [(||u/|*> + V|u[?) on D(q) = HY(T) with V € LYT). Then
q(u) = cl|ull3 — Cllull3,1, so the quadratic form u — q(u) + C|lul|3,, is closed. Indeed,

lullf = q(w) + (¢ + 1)llull 7,

and this inequality tells us that ||ul|; ~ ||u|| g1 for v € D(q).

1.3 Closable quadratic forms

Definition 1.2. We say that ¢ is closable if it has a closed extension ¢ : D(q) — R:
D(q) € D(q) and q|p(g) =

Proposition 1.1. A quadratic form q is closable if and only if whenever u, 40, then
q(uyn) — 0. If this condition holds, then q has a smallest closed extension G (the closure

of q) given by D(q) = {u € H : Ju, € D(q) s.t. up, - u} and G(u) = lim, o0 q(uy).

Proof. (= ): Let ¢ be a closed extension. If u, 9, 0, then uy, 4 0, so q(un) = q(uyn) — 0.
( <= ): Assume that the condition holds, and let w,, 2y . We claim that limy,_ oo q(un)
exists.

|Q(un) - Q(um)| = ’CJ(UTH un) - Q(Uma ’LLm)|

= ’C.I(un — Um, um) + Q(um, qn — um)
C-S
< 0" (un — ) g (n) + ¢ (tn — 1) g ().

So we get
n,Mm—00

4" (n) = ¢"2(um)| < 4" (n — um) === 0.
The claim follows, and if v, 4, u, then u,, — v, 20
ql/z(un — Uy — U + V) < ¢ /2(un — Up,) + ql/Q( — ) = 0.
By the assumed condition, g(u,, — v,) — 0. And by the same argument as before,

a2 (un) = 4" (0n)] < ¢ (up = va) = 0.



We get a well-defined quadratic form g which extends gq.

We claim that g is closed; that is, we check that Hy = D(q) is complete with respect
to (u,v); = q(u,v) + (u,v). Hg is dense in Hg, as if u, € Hy with uy, % w € Hyg, then
q(un, —u) — 0:

n— oo

g(up, —u) = lign q(Up — Up) — 0.

Every Cauchy sequence in H, has a limit in Hg, so we have a dense subset where every
Cauchy sequence has a limit. So Hy is complete.
Finally, one checks that if ¢ is a closed extension of ¢, then g C q. O

Theorem 1.1. Let g be a nonnegative, symmetric, quadratic form. Assume that D(q) is
dense and that q is closed. Then there exists a unique self-adjoint operator </ such that
D(<7) € D(q) and q(u,v) = (Fu,v) for allw € D(/),v € D(q). Also, D(</) is a core
for q in the sense that D(</) is dense in Hy.
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